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Abstract. In this work we construct the heat kernel of the | -order Laplacian perturbed by the 
first-order gradient term in Holder space and the zero-order potential term in generalized Kato's 
class, and obtain sharp two-sided estimates as well as the gradient estimate of the heat kernel. 



1 . Introduction and Main Result 
For a 6 (0, 2), let A 5 be the fractional Laplacian defined by 

A 2 f (x) = lim — dy. 

W\\>s \y\ d+a 

It is well-known that the heat kernel p {a) {t, x) of A? has the following estimate (e.g. see (UHl): 

pW(t,x)« t - T —, (1.1) 

(|jc| V t°) d+a 

where x means that both sides are comparable up to some positive constants. 

In 0, Bogdan and Jakubowski studied the following perturbation of A? by gradient operator: 

^ a \x) := A? + b(x) ■ V, ore (1,2), 

where b belongs to Kato's class J^f' 1 , i.e., 

b e Jtrj*- 1 := If e LL(R d ) : lim sup f , ^[ dy = 



Notice that by Holder's inequality, L P (R ) c J^f' provided p > ~zr- The sharp two-sided heat 
kernel estimates of J£ { h a) like (|l.ll) were obtained therein. The reason of limiting a e (1 , 2) lies in 
that the heat kernel pf\t, x) = p (a \t,x + t) of is not comparable with p (a \t, x) for a 6 (0, 1) 
(see [31). In |[T2l . Jakubowski and Szczypkowski considered the time-dependent perturbation of 
A§. In 0, Chen, Kim and Song obtained sharp two-sided estimates for the Dirichlet heat kernel 
of Jz? fo (ff) . Moreover, the Dirichlet heat kernel estimates for nonlocal operators under Feynman- 
Kac or Schordinger type perturbations were also considered in [7]. Recently, in GUI . Wang 
and the second named author extended Bogdan and Jakubowski's results to the more general 
subordinated stable operator over Riemannian manifold and obtained sharp two-sided estimates 
as well as the gradient estimate. 

However, in the critical case of a = 1, the heat kernel estimate of is left open. It is 
noticed that the critical case has particular interest in physics and mathematics (cf. jH [H [131 
UTIISI) and references therein. We first recall some related results. In [fTTll and lfT8ll . Silvestre 
established the Holder regularity to the critical parabolic operator ££^'(x) with bounded mea- 
surable b. In ifToll . Priola proved the pathwise uniqueness of SDEs with Holder's drifts and 
driven by Cauchy processes. In 11231 . the well-posedness of multidimensional critical Burgers' 
equation was obtained (see lfT3ll for the study of one dimensional critical Burgers' equations). 
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In this paper we consider the following critical fractional diffusion operator 

JzfO, x) := JfaAcit, x) := a(t, x)A^ + b(t, x) • V + c(t, x), 

where a, c : [0, oo) x R d — > R and b : [0, oo) x R d — » R J are three measurable functions. We 
shall prove the following result in the present work. 

Theorem 1.1. Assume that for some ao, a\ > 0, 

ao < ait, x) < a\, 

and for some e (0, 1), 

a, b e BP, ce K l d , 

where BP (resp. K l d ) is the Holder space (resp. the generalized Kato's class) defined in Defini- 
tion \2.1\ Then there exists a continuous function p(t, x; s,y) such that: 

(i) (C-K equation) For all < s < r < t and x, y e R d , the following Chapman-Kolmogorov's 
equation holds: 

p(t,x;r,z)p(r,z;s,y)dz = p(t,x;s,y). (1.2) 

(ii) ( Generator) For any bounded continuous function f, we have 

limP t>s f(x) := lim I p(t,x; s,y)f(y)dy = f(x), (1.3) 

4* 4* jRd 

and if a, b,c e C([0, oo); Lf 0C (R d )), */*en/or all f,ge C™(R d ), 

limJ- f ^)(p M /(x)-/(x))dx= f §(x)y(^)/Wdi, 5>0. (1.4) 

tls t - s J R d v ' J R d 

(Hi) (Two-sided estimates) For any T > 0, there exist constants k\,K2 > such that for all 
< s < t < T and x,y e R d , 

\p(t,x;s,y)\ ^K^t-sXlx-yl + it-s))- 11 - 1 , (1.5) 

and m the case of ait, x) = a(t) independent of x, 

pit, x; s,y) > K 2 (t - s)i\x -y\ + (t- s))~ rf_1 . (1.6) 

(iv) (Holder's estimate) Assume that c e K.,~ 7 for some y 6 (0, 1). Then for any T > 0, there 
exists a constant K3 > swc/z that for allO < 5 < ? < T and x, x' , y e R rf , 

lp(t,jr, <k 3 (I*-*T A 1)1?- si 1 " 7 

x {(|x -y\ + (t- s)T d - 1 + i\x' -y\ + (t- s))^ 1 }. (1.7) 

(v) (Gradient estimate) If we further assume that c e MP for some j3' e (0, 1), then for any 
T > 0, there exists a constant K4 > such that for allO < s < t < T and x,y e R d , 

\V x p(t, x; s,y)\ < K,i\x -y\ + (t- s)T d ~ l . (1.8) 

In order to prove this theorem, we shall use Levi's method of freezing coefficients and 
Duhamel's formula. Compared with the classical case of second order parabolic equations, 
the main difficulty of proving this theorem lies in the heavy tail property of Poisson's kernel 
and the nonlocal property of AJ. We mention that in the case of second order parabolic equa- 
tion, the following property of Gaussian heat kernel plays a key role in the construction of Levi's 
argument (cf. EHEEl): for/3 6 (0, 1) and some C > 0, 

t~ l \xfe-^ t>0,xeR d . 
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This means that the spatial Holder regularity can compensate the time singularity. However, 
such type estimate does not hold for Poisson's kernel in view of the heavy tail property. A 
suitable substitution is an analogue of the so called 3P-inequality (see Lemma l2~3l below). 

This paper is organized as follows: In Section 2, we prepare some lemmas for later use. In 
Section 3, by using Levi's method of constructing the fundamental solutions, we first construct 
the heat kernel of ££ a j, = J£ a ,bSi- In Section 4, we prove Theorem 11.11 by using Duhamel's 
formula. 

We conclude this section by introducing the following conventions: The letter C with or 
without subscripts will denote a positive constant, whose value is not important and may change 
in different places. We write fix) < g(x) to mean that there exists a constant Co > such that 
f(x) < Cog(x); and f(x) x g(x) to mean that there exist C\, C% > such that C\g(x) < f(x) < 
C 2 g(x). 

2. Preliminaries 

For y,/3 e R, we introduce the following function on R + x R d for later use: 

(f y {t, x) := ?{\xf A 1}(W 2 + t 2 )^ x ?{\xf A l}(|x| + t)- d ~\ (2.1) 
By simple calculations, there exists a constant Q > such that for all /? e [0, j] and y e R, 

f gP y (t,x)Ax^C d f +p -\ (2.2) 

jR d 

Indeed, we have 

J Rd (\x\ + t) d+l Jo (r + d+1 Uo J, l(r + t) M 

Jo J» d+f3 1-jS' 

which in turn implies (12.21) . Notice that the following 3P- inequality holds (cf. Lemma 2.1]): 

x)e°(s, y) < G??(?, x) + + j, * + y). (2.3) 

We introduce the following classes of functions used in this paper. 

Definition 2.1. (Holder's space) For fi € (0, 1], define 

e^:=|/e^(RxR rf ):||/|| H ,:=supsup|/a,x)| + sup sup lf{t, f ~ { (? ,y)l < ooi . 

( reR ^ € R<i teR x *yeR d \ x ~ yf J 

(Generalized Kato's class) Fory > 0, define 

K y d := (/ e L^R x R J ) : lim^(e) = o), 



ej.0 

where 



K?(s):= sup | ^(5,y)|/(?±5,x-y)|d};d5, £ > 0. 

(r,;t)e[0,oo)xR rf Jo . 



A function f(t, x) on [0, oo) xR d will be automatically extended to RxR d by letting /(£, •) = 
for t < 0. The following proposition gives a characterization for (see 03 |22l [20J for more 
discussions). 
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Proposition 2.2. For y > and p,q e [1, oo] vvzY/j ^ + ^ < y, we have 

L q (R; L p (R d )) c K 7 d , 

and for y e (0, d), 

XJ c K* 

Proo/ Noticing that 

f f g 7 (s,y)\f(t±s,x-y)\dyds= f s^f £>?0,y)|/(? ± s,x - y)\dyds, 

Jo jR d JO JR d 

by Holder's inequality, for the first inclusion, it is enough to prove 



lim/(e) = 0, (2.4) 

sj.0 



where 



I(s):= J o N e?(f,y) p dy) s^'ds 



with q* = an d />* = ^zf • As in the proof of (12.21) , we have 



and so, 



/(£) < f ^-^^^dj < e l+d -f -W«7-W 
Jo 



since d -f - dq* + (y - \)q* > -1 by 4 + l - < y. Thus dH) holds. 

Next we prove the second inclusion. Assume / e JtfJ . By definition, we have 

sup f f ^^l/Cx-^ldyd^/K^ + ^Cs), 

x€R d Jo JR d 

where 



:= sup dyds, 

Jo JW (M + 



xeR d JoJ\y\>s (\y\ + s Y +i 



I 2 {s) := sup ————dyds. 



n 

Jo J\y\; 

For h(s), in view of y < d, we have 

h(s)< sup f |/(x-j)|(f ^ds + lyl- 4 - 1 f Ws)dy 

jceR rf J|y|<e Wbi Jo / 

r /br rf+y i-yr' +r \ 

<sup \f(x-y)\ ^ + - dy^O, e i 0. 



For /2(e), we have 



xeM. d J\y\>£ \y\ Jo y+i xeR d J|y| >£ |y| 

which converges to zero by O Lemma 11]. 
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Set for s < t and x,y e R d , 

gP(t, x; s,y):= $(t - s,x-y). 

The following lemma is an analogue of 3P-inequality, which will play a crucial role in the 
sequel. 

Lemma 2.3. For all/3i,/3 2 e [0, j], we have 

f efc(t, x; r, z)(f y \{r, z; s, y)dz < cMt - r )n + ^~\ r - s y*Q (t, x; s, y) 

+ (t-rr + ^- 1 (r-sY^ 2 (t,x; s,y) 
+ (t - r) ri (r - sY 2+Pl+P2 - X Ql{t, x; s,y) 
+ (t- rY{r - sy^- [ $(t, x; s,y)}, (2.5) 
where Cj only depends on d; and ifj\ > -B x and y 2 > -B 2 , then 

f f gfc(t, x- r,z)(/ y 2 2 (r,z; s,y)d z dr < C d {g° n+y2+ ^ 2 (t, x; s,y)S( 7l + B x + B 2 , 1 + y 2 ) 

JsJR d 

+ e° 7l+ y 2+ ^ 2 (t,x; s,y)S(y 2 + fr + B 2 , 1 +y0) 

+ 4\ + n + ^ x > s .y)®(72 + 1 + 71}. (2-6) 
where S(y,B) is the usual Beta function defined by 

S(y,B):= f (l-sy-^-'ds, y,B>0. 
Jo 

Moreover, there exist p > 1 and C p > such that for all < s < t < 1 and x^e R d , 

(2.7) 

Proof. First of all, in view of 

(|* - y\ 2 + \t - s\ 2 )^ < 2 rf j(U - z\ 2 + |? - r| 2 )^ + (|z - y\ 2 + \r - s\ 2 )^}, 

we have 

g®(t, x; r, z)g{j(r, z; 5, y) < 2 d (^(?, x; r, z) + p[j(r, z; 5, y))^, )>)■ (2.8) 
Noticing that by (a + by 3 < aP + b 3 for 8 e (0, 1), 

(|* - zf' A l)(k - yf 2 A 1) < (|* - z^ 1 A 1)((|jc - z^ 2 + I* - y| ft ) A 1) 

< |jc - zl^ 2 A 1 + (|x — zf 1 A 1)(|jc - yf 2 A 1), 
(|jc - zf 1 a l)(|z - y|^ 2 a 1) < ((|z - y^ 1 + I* - )f ') A l)(|z - yf 2 a 1) 

< |z - yf 1+132 A 1 + (|z - yf 2 a 1)(|* - yf' a 1), 

we have 

gP y \{t, x;r,z)g^(r,z; s,y) 

= \t- rP \r - sY\\x - zP A l)(|z - yf 2 A l)g° (t, x; r, z)g° Q (r, z; 5, y) 
< |? - r\ yi \r - s\ n ((\x - zf 1 A \){\x-yf 2 A 1) + |x - z^ 2 A l) 
xg%(t, x;r,z)Qo(t, x; s,y) 



+ \t-r\ 7l \r-s\ n ((\z-yf 2 A lyQx-yf 1 A 1) + \z - yf 1+1)2 A l) 

xg° Q (r,z; s,y)gl(t, x\ s,y) 
<\r- s\ r2 (g e y \ +/32 (t, x; r, z)g° Q (t, x; s,y) + g£(f, x; r, z)^ 2 (f, x; s, y)) 
+ \t- rr{(f y f 2 {r,z\ s,y)g°(t, x; s,y) + g%(r,z; s,y)e^(t,x; s,y)). 



Estimate (12.51) follows by (12.21) . and estimate (12.61) follows by observing that for y,fi > 0, 

(t - ry~\r - sf~ l dr = (t - s) y+ ^ l S(y,/3). (2.9) 

As for estimate (12771) . it follows by (1231) and (I2~9l) . □ 
Let pit, x) be the heat kernel of the Cauchy operator As, i.e., 

d t p(t,x) = A?p(t,x). (2.10) 

It is well-known that 

P (t,x) = n-^r^m 2 + t 2 T^t = n- d -?n^)g%t,x), 

which is also called Poisson kernel (cf. |fT9l ). By elementary calculations, one has 

\V x p(t,x)\ + \d t p{t,x)\ < (\x\ + tT d -\ (2.11) 

Wlp(t, x)\ + \V x d t p(t, x)\ < (\x\ + ty d -\ (2.12) 

and 

\V 3 x p(t,x)\ + \V 2 x d t p(t,x)\ < (\x\ + ty d -\ (2.13) 
Let a, b be two bounded measurable functions on [0, oo) x ~R d . We define 

Po(t, x; s , y) : = p | J a(r, y)dr, x-y + J^ b(r, y)drj , 

and 

Sf^,(t,y) := a(t,y)Al + b(t,y) • V,. (2.14) 
By (12.101 ) and the Lebesgue differential theorem, we have for all x,y eW 1 and almost all t > s, 

d tPo (t,x;s,y) = Jf* b (t,y)p Q (t,-; s,y)(x). (2.15) 
We prepare the following important estimates for later use. 
Lemma 2.4. Suppose that for some ao, a\,b\ > 0, 

a < a(r,y) < a u \b(r,y)\ < b x . (2.16) 



Then we have 



and 



p (t,x;s,y)~g ( l(t,x;s,y), (2.17) 



\A 2 p (t, x; s,y) 

\V x p (t, x; s,y) 

\d,p (t, x; s,y) 
i 

\V x A~ x p Q (t, x; s,y) 
\V 2 x p (t, x; s,y) 



<(\x-y\ + \t-s\y d -\ (2.18) 

<\t-s\(\x-y\ + \t-s\y d - 2 , (2.19) 

<(\x-y\ + \t-s\y d -\ (2.20) 

<{\x-y\ + \t-s\y d ~\ (2.21) 

<{\x-y\ + \t-s\)' d - 2 . (2.22) 



Moreover, if we further assume that a,b e BP for some fi e (0, 1), then 



\ V x p (t,x;s,y)dy 

jR d 

J A%p (t,x;s,y)dy 

jR d 

I d t p (t,x;s,y)dy 

jR d 

lim p (t,x;s,y)dy = 1, 

tis J R d 



<it-sf~\ 



(2.23) 
(2.24) 
(2.25) 
(2.26) 



< \w\ r (t-sf- y -\ 



(2.27) 



+ \t - s\ x \x -y\ + \t - s\. 



(2.28) 



and for all \w\ < |x - y\/2 and y e [0,fi], 

I (y x Po(t, x + w;s,y)- V x p (t, x; s, y))dy 
Proof (1) By d2l6l> . we have 

^ a{r,y)dr x t - s, 

and for any \w\ < |x - y|/2, 

x + w - y + J" b(r, y)dr 
Estimate (|2.17l) follows by definition. For (|2.18l) . by (12.101) we have 

Alp (t, x; s,y) = (Alp) a(r,y)dr, x-y + J^ b(r,y)dr 

= (d t p) a{r, y)dr, x-y + J^ b(r, y)dr 

Estimate (12TT8T) follows by (12TTTT) . Similarly, (l2TT9l )- (l2T22l) follow by (I21TT) . (I2TT21) and (12TT5T) 
(2) Define 

£(f, x; 5,y;z) 
Clearly, for any 5 < t and x, z e M. rf , 

I £(t,x;s,y;z)dy 

jR d 

and 

I V v £(?,x;s,y;z)dy = 0, I A|£(f, x; * , y; z)dy = 0. 

JR 1 ' jR d 

Thus, for proving (12.231) . it suffices to prove that 



:= p | a(r, z)dr, x-y + b(r, z)drj . 



I P I aO,; 



z)dr, y \dy = 1 



( V. v p (f , x; s, y) - V^(t, x; s, y; z))dy 

jR d V ' 



< it-sf-\ 



(2.29) 



By definitions, one has 



V x po(t, x; s, y) - V x g(t, x; s, y; z)\ z=x 

= (SxP) I ^ a(r, y)dr, x-y + J^ b(r, y)dr 

WxP)U a(r, 



x)dr, x - y + ^ b(r, x)dr | . 
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(2.30) 



Since a, b e BP, estimate follows by (I2TT2T) and (1X21) . 
Similarly, we can prove 

I (A| p (J, *; s, y) - A A 2 £(f , x; s, y; z))dy 

jR d 



and 



(p (t,x; s,y)-g(t,x; s,y;zMy 



3 (f - s/. 



Thus, (1225b and (IZ261) follow. 

Next we prove (12.251) . By (12.151) we have 



f 



d t p (t, x; s,y)dy 



I (a(J, y)A\ p (t, x; s, y) + b(t, y) ■ V x p (t, x; s, y))dy 

jR d V ' 



< \a(t, x)\ 



f 

jR d 



Alp Q (t, x; s,y)dy 



+ \b(t, x)\ 



JR d 



p (t, x; s,y)dy 



+ 



I \a(t,y)-a(t, 

jR d 



x)\ ■ \Alp (t, x; s,y)\dy 



+ \b(t,y)-b(t,x)\-\V xPo (t,x;s,y)\dy 

JR d 

(f (t,x;s,y)dy < (t-sf~ l . 

_ d 

Lastly, we prove (1X271) . Notice that by (12301) and (I2TT31) . 

\V x p (t, x + w;s,y)- V x i;(t, x + w; s, y; z)\ z=x - (V x po(t, x; s, y) - V x £(t, x; s, y; z)\ z=x )\ 



w 



X (v2vP) (X a ^ y ^ dr ' x + dw ~ y + X b ^ y ^ di 



■If 



(V^p) a(r, x)dr, jc + 6w - y + 



X b{r ' 



x)dr 



d6 



< M 



(t-s)(\x-yf M) 



<\wV(t- S -f-y g (t,x;s;y), 



□ 



(2.31) 



\\x-y\ + (t-s)Y^ 
where we have used (12.281) . Estimate (12.271) then follows by (12.21) . 

Remark 2.5. By d2J9]), we also have for any y e (0, 1], 

\V x p (t, x; s, y)\ <\t- s\ y \x - y\~ r g° (t, x; s, y). 
This estimate is important for the lower bound estimate of the heat kernel. 

3. Heat kernel of J£ a £ := aA? + b ■ V 
i 

Let Jf a £ := ^ b (t, x) = a(t, x)Al + bit, x) ■ V x . Now we want to seek the heat kernel of S£ a ,b 
with the following form: 



IT 

JsJR d 



p 0tb (t, x; s, y) = p (t, x; s, y) + p (t, x; r, z)q(r, z; s, y)dzdr. 



(3.1) 



The classical Levi's continuity argument (see [fl31fT0l ) suggests that q(t, x; s,y) must satisfy the 
following integral equation: 



jy 

JsJR d 



q(t, x; s, y) = q Q (t, x;s,y)+ q Q (t, x; r, z)q(r, z; s, y)dzdr, 



(3.2) 



where 

i 

q Q (t,x; s,y) := (a(t,x) - a(t,y))Alp (t,x; s,y) + (b(t,x) - b(t,y)) ■ V x p (t,x; s,y). (3.3) 
Below, we shall work on the time interval [0,1], and always assume 

0< s < 1, x + y e R d , 

and for some f3 e (0, 1), 

a,be¥P. (3.4) 



Our first task is thus to solve the integral equation (13.21) . 
Let us now recursively define 



q n (t,x; s,y) := f f q (t,x;r,z)q n -i(r,z;s,y)dzdr, neN. (3.5) 
Lemma 3.1. For ft e (0, 4], there exists a constant C c j > such that for all n e N, 

\q n (t, x; s,y)\< ^^rr (e&H-iy^. *; y) + si^C*. *; y)) • ( 3 - 6 ) 

Moreover, ifa(t,x) = a(t) is independent of x, then 

\q n (t, x; s,y)\ < + ^ gfr+iyfo *; s > )0- ( 3 - 7 ) 
Proof. First of all, by (13.41 ) and Lemma |2~4l we have 

|#o(*, s,y)\<: C d gP(t, x; s, y). 

Notice that 

&(y,fi) is symmetric and non-increasing with respect to each variable y and J3. 
For n = 1, by Lemma [2731 we have 

q x < C d &(2/3, l)g% + C d S(fi, 1)^ < C d £(J3,/3){ g % + 

Suppose now that 

in < r«{^(n+i)^ + eJJ ■ 

By Lemma [231 we have 

q n+ i < Oy„{W 1 + (n + 1)/?) + S((n + 2)yS, 1) + £(2/3, 1 + 
+ Q 7 „{S((n + 1)A 1) + &(J3, 1 + »/?)}ef n+1)/3 

< C d y n S(J3, (n + 1)P)[qI, +2)/3 + gP in+m } =: r„ + i(^, 1+2)/S + ef„ +1)j8j 
where 

y„ +1 = Qy„£0S,(n +!)£). 
Hence, by S(y,fi) = Egg®, we obtain 

y n = C d +l BQ3,P)BQ3, 2/3) ■ ■ ■ S(J3, njS) = , 

which gives (13.61) . 

In the case of a(t, x) = a{t), by (|2.31l) we have 

q Q (t, x; s,y) < g^(t, x; s,y). 

Repeating the above proof, we obtain (13.71) . □ 
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(«+2)/3 



We also need the following Holder continuity of q n with respect to x. 
Lemma 3.2. For all n ^ and y e (0,/3), we have 

\q„(t,x; s,y)-q n it,x';s,y)\ < — - (\x - x'f~ y A l) 

l(np + y) v 7 



Proo/ Let us first prove the following estimate: 
\q (t, x; s,y) - q (t, x'\ s,y)\ 

< (\x - x't y A 1){(£>; + efyd, x; s,y) + (g° y + ^(t, x'; s,y)}. (3.8) 
In the case of\x — xf\ > 1, we have 

\q (t, x; s,y)\< (gj + x; s, y) < (pj + e£^)(f, x; 5,y) 

and 

\q (t,x';s,y)\ < (Qp + $)(t,x'; s,y) < + ^ y _ p ){t,x'; s,y). 
In the case of 1 > \x - x'\ > \t - s\, by (12.181) and (12.191 ) we have 

|#o(f, x; s,y)\ < g^(t, x; s,y) = (t - sf~ y ^_ p (t, x\ s,y) <\x- x'f~ y ^ y _ p {t, x; s,y), 

and also 

\qo(t,x'; s,y)\ <\x- x'f~ y g y _ j3 (t,x'; s,y). 

Suppose now that 

|jc - jc'| < \t-s\. (3.9) 

We can write 

i i 

\q Q (t,x; s,y) - q (t,x'; s,y)\ < \a(t,x) - a(t,y)\ ■ \A*p (t,x; s,y) - A^,p (t,x'; s,y)\ 

i 

+ \a(t, x) - ait, x')\ ■ \A;,p (t, x; s,y)\ 
+ \b(t, x) - b(t,y)\ ■ \V x p (t,x; s,y) - V x ,p (t,x'; s,y)\ 
+ \b(t, x) - b{t, x')\ ■ \V x >poit, x; s,y)\ 
=: h +h + h+h- 
For 1 1 , by (12.211 ) and the mean value theorem, we have 

h < [\x - yf A l}|x - x'\i\x + 6ix' -x)-y\ + \t- s\T d - 2 . 

By (ET9i we have 

\x - y\ + \t - s\ < \x + 6(x' - x) - y\ + 2\t - s\. 

Hence, 

h < [\x - yf A 1 }\x - x'\(\x - y\ + \t - s\T d - 2 

\t- 5 \W{\ X -yfM) 

< \x - x f 7 ■ ■ — ■ (|* -y\ + \t- s\) 

\x — y\ + \t— s\ 

< \x-x'f' y \t- s\ y i\x-y\ + \t- s\Y d - 1 = \x-x'f- y Q°it,x;s,y). 
By (12.191 ), we have 

h<\x- x'fi\x' -y\ + \t- s\r d ~ l <\x- x't y g y it, x'; s, y). 
Similarly, we have 

/, < lv- y'f~ r <. vy 



h<\x-x't y Q%x; s,y). 
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I 4 <\x-x'f^g y (t,x';s,y). 

Combining the above calculations, we obtain (|3.8I) . 

Now by definition (13.51) . (13.81) and Lemma [3TT1 we have for n e N, 

|g„(J, x; 5, y) - q n (t, x'\ s, y)\ < I I |g (f, x; r, z) - qoif, x'\ r, z)\q n -\(r, z\ s, y)dzdr 

JsJR d 

- { ^wf ( ix ~ x ' f ~ y a ! ) XX ^ + ^ )(t ' x; r ' z) + (e ° y + ^ )a ' * ,; r ' z) ' 

x {p°,(r, z; s, y) + e^ n _ 1)j3 (r, z; s, y)}dzdr, 

which yields the result by Lemma [231 □ 

Basing on the above two lemmas, we have 

Theorem 3.3. The function q(t,x; s,y) := J^ = oq n (t,x; s,y) solves the integral equation ( 13.21) . 
Moreover, q(t, x\ s,y) has the following estimates: 

\q(t,x;s,y)\ < $(t,x; s,y) + Q^{t,x\ s,y), (3.10) 

and for any y 6 (0,/?), 

\q(t, x; s,y) - q(t, x; s,y)\ 

< (\x - x't 7 A l){(g° y + (f y _ fi )(t, x; s,y) + (g° y + (f y _ fi )(t, xf; s,y)}. (3.1 1) 
In the case ofa(t, x) = a(t) independent of x, we have 

\q(t,x;s,y)\<Qp(t,x;s,y), (3.12) 
Proof. By Lemma I3TT1 one sees that 

,1=0 n=0 u " )P) 



( oo 



Since the series is convergent, we obtain (13.101) . Similarly, estimate (13.1 II) follows by Lemma 
13.21 Moreover, by (13.51) we have 

m+l pt p m 

^q n (t,x;s,y) = q Q (t,x;s,y)+ I I # (*, x; r,z) ^ ?„(r,z; s,;y)dzdr, 

n=0 JsJX d „ =0 

which yields (13.21) by taking limits m — > oo for both sides. 

In the case of a(t, x) = a(t), we use (13.71) to repeat the above proof, and obtain (13.121) . □ 

For r e (s, t), let us set 

(p(t, x,r): = <f> St y(t, x,r):= I p (t, x; r, z)q(r, z; s, y)dz, 

JK d 



and 



<p(t,x):= | (p(t,x,r)dr = f f p Q (t,x;r,z)q(r,z; s,y)dzdr, 



where the integral is taken in the generalized sense, i.e., 

(p(t, x, r) = lim I p (t, x; r, z)q(r, z\ s, y)dz. 

Ei0 J\x-z\>e 
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Notice that by (12~T7T) . (13TTU1) and (1231) . 

|0. Sj) ,(?,^,r)| < I po(^^;^z)l<?(^z;^> ; )|dz< ( £i(^*;r,z)(^ + ^)(r,z;s,y)dz 

jR rf Jr* 

< ((t -rf + (r- S f + (t- r)(r - sf~ l )g° (t, x; s,y) + g%t,x; s,y). (3.13) 
Below we study the smoothness of (t, x) \-> (p(t, x). 
Lemma 3.4. For all x ± y e R d and almost all t > s, we have 

d t (f(t,x) = q{t,x;s,y)+ I I J?* b (t,z)po(t,-;r,z)(x)q(r,z; s,y)dzdr. (3.14) 

Proof. (Claim 1): For r e (s, i), we have 

d t <f> St y(t, x, r) = I 5^o(?, x; r, z)q(r, z; s,y)dz. (3.15) 

Proof of Claim 1: Write 

S y (? + e, r) - (p s y (t, x,r) If 

— = - (Po(t + e, x; r, z) - p (t, x; r, z))q{r, z; s, y)dz 

e £ jR d 

d t po(t + 6s, x; r, z)d9 )q(r, z\ s, y)dz. 




m d \Jo 

By (12TT%1) and ([2TT91) . we have for \e\ < '-f, 

\d tPo (t + 6e, x; r,z)\<(\x-z\ + t + 6s- r)"^ 1 < (\x -z\ + (t- r))"^ 1 , 
which together with (13.101) yields 

\d,po(t + 6s, x; r, z)q(r, z; s, y)\ < g%(t, x\ r, z)(gjj + g^)(r, z\ s,y) =: g(z). 
By (12.51) . one sees that 

J g(z)dz < +oo. 

Hence, by the dominated convergence theorem, we have 

(f) s , y (t + s, x, r) - (p s , y {t, x, r) 



lim — -_ — T J,JK 7 = J d t p (t, x; r, z)q(r, z; s, y)dz, 



and (13.151) is proven. 

(Claim 2): For x ^ y, we have 

\d f (j> S)y (f, x, r)\drdt' < +co. (3.16) 
Proof of Claim 2: By (13.151 ), we have 

\d f (p.^(t',x,r)\ < I \d t <p (t',x;r,z)\-\q(r,z;s,y)-q(r,x;s,y)\dz 




+ \q(r, x; s,y)\ 



p (f, x; r,z)dz 



=: Q§(f,x,r) + Q?}(f,x,r). (3.17) 
For Q$(f, x, r), by (I2T201) and (13111 we have 

JJ Q ( !j(t',x,r)drdt' < JJJy o -\t\x;r,z)(g 7 + ^_ fi )(r,x-, S ,y)dzdrdt' 
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/ S *J J 



+ 

+ 



V, r, z)(p° + d_ B )(r, z; s, y)dzdrdt' 

— — jj^i (*' - r^- 1 ^ - + (r - s)^)drdf 

For Qfj.(t', x, r), by (1225b and (I37TOT) we have 

f f fig(f , r)drd?' < f f (qI + ej)(r, x; *,y)(?' - r/^drd?' < +00. (3.19) 

\J s*J s <J s<J s 

Combining (l3T7T) - (l339l . we obtain (l3~T6h . 

(Claim 3): For fixed r, 5, y, we have 

lim (f> St y(t, x, r) = q(r, x; s, y). (3.20) 

Proof of Claim 3: By (12.261 ), it suffices to prove that 

lim I po(t,x;r,z)(q(r,z; s,y)-q(r, x; s,y))dz 
Notice that for any 8 > 0, 

I p (t,x;r,z)(q(r,z;s,y)-q(r,x;s,y))dz 

< I j9 (?,x;r,z)|<5r(r,z;5,y)-<5r(r,jc;5,y)|dz 

+ I poO^^zM^z; *,y) - <?(r, x; s,y)\dz 

J\x-z\>§ 

=: J x {5,t,r) + J 2 {6,t,r). 
For any e > 0, by (13.1 IK there exists a 5 = £(r, .x, s,y) > such that for all \x - z\ < S, 

\q{r, z; s, y) - q(r, x; s,y)\< s. 

Thus, 

Ji(5, t, r) < e \ p (t, x; r, z)dz < s J p Q (t, x; r, z)dz < s J g®(t, x; r, z)dz < s. 

J\x-z\<8 J«- d JW 

On the other hand, we have 



= 0. 



J 2 (S,t,r) < (t-r) 



1 



\q(r,z; s,y)\ + \q(r,x; s,y)\ 



\x-z\>S 



\x - z\ 



cl+l 



dz 



< (t-r)\6 



-d-\ 



\q(r,z; s,y)\dz+\q(r. 



\x;s,y)\ I 

J|z|><5 



\z\~ d - l dz 



which, by (13.101 ) and (12.21) . converges to zero as t [ r. The claim (13.201 ) is thus proved. 
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Now, by integration by parts formula and (13.201 ), we have 

J dr>(f) s>y (r', x, r)dr' = <f> SJ (t, x, r) - q(r, x; s,y). 

Integrating both sides with respect to r from s to t, and then by (13.161) and Fubini's theorem, we 
obtain 

<p(t,x)- I q(r,x; s,y)dr = I I dr>(f> s>y (r', x, r)dr'dr '= I I d r >(f> s , y (r' ,x,r)drdr' 

xJ s \J s *Jr *J s \J s 

EBU235J err J ^ ( ^ > ^ o(/> . ;r>zXx) ^ r>z;j>y)daW/> 

which in turn implies (13.141) by the Lebesgue differential theorem. □ 
Lemma 3.5. For all t > s and x y, we have 

(3.21) 
(3.22) 



V x <p(t,x) = V x p (t,x;r,z)q(r,z;s,y)dzdr, 
JsJw 1 

I I A] p (t, x; r, z)q(r, z; s, y)dzdr, 



A*(p(t, x) 

where the integrals are understood in the sense of iterated integrals. 
Proof. First of all, for fixed s < r < t, since 



and 



(x, z) h-> p (t, x; r, z) e C™(R d x R d ) 



z»q(r,z; s,y)£C b (R d ), 



by Lemma l2~4l it is easy to see that 

V x (f) s ,yit, x,r)= I V x p (t, x; r, z)q(r, z\ s, y)dz, 

and 



(3.23) 



(3.24) 



A x <f> S y(t, x, r) = I A x p (t, x; r, z)q(r, z; s, y)dz. 
(1) We prove the following claim: For any t > s and x + y, there exists a p > 1 such that 

sup I(p,w) < oo, where I(p,w) := I \V x (f>s,y(t, x + w; r)\ p dr. (3.25) 

\w\<\x-y\/2 Js 



Proof of Claim: By (|3.23l) and (12.231) we have 



M< f f 

+ .n.[ 

I2191J3TT11 



V x p (t, x + w;r, z)(q(r, z; s, y) - q(r, x + w; s , y))dz 



dr 



V x p (t, x + w;r, z)dz 



\q(r,x + w; s,y)\ p dr 



+ X (X* ^~ r ^' * + W ' r ' + ^y-^ r ' x + w; s ' ■ y ' )dz ) dr 
i223j + J (f _ r)^- 1} (^ + ^) p (r, x + w; s, y)dr 
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=: w) + 7 2 (>, w) + w). 
For 7i(p, w), it follows by (12.71) that for some p > 1, 

sup ^(p, w) < +00. 

kK|.r-y|/2 

For I 2 (p, w), by definition (12.11) and (12.21) . we have for all \w\ <\x- y|/2, 

(r - s y (r - s y - p \ p 

\x + w-y\ d+l \x + w—y\ 

< C\ t _ r) ^-y-D ( 1 + < r ~ ^ 7 "T dr < +00 , 
J/ ll*-yK +1 U-yK +1 / 

provided p < A Similarly, for p < we have 

sup 7 3 (p,w)<+oo. (3.26) 

|wK|.r-y|/2 

Thus, we obtain (13.25I ). 

Now for any e t = (0, • • • , 1, • • • , 0) e R d , we can write 

= J J^ d Xi (f>(t, x + 6se h r)d0dr. 



(p(t,x + set) - <p(t,x) n! nl 



£ 

By (13.251) one can take limits to get 



d x .<p(t, x) = lim — - X + — tll^L. - if Umd x (p(t, x + 0sej,r)d6dr = \ d x <p(t,x,r)dr, 

£ J, Jo £ -*° J s 



and (13.211) is proven. 

(2) Next we prove (13.221) . Recalling the definition of we have 

V x (f) s> y(t, x + w, r) - V x <p Sr y(t, x, r) 



(V x p (t, x + w, r, z) - V x Po(t, x; r, z))q{r, z; s, y)dz 
I foxPoit, x + w;r, z)(q(r, z; s, y) - q(r, x + w; s, y)) 

jRd 

- VxPo(t, x; r, z)(q(r, z; s, y) - q(r, x; s, y)))dz 
+ \ q(r,x + w;s,y) I V x p (t, x + w; r, z)dz 



-q(r,x;s,y) I V x p (t,x;r,z)dz 
I Q(t,x;r,z;s,y;w)dz + R(t,x,w;s, 

jR d 



.V). 



We now prove the following claim: For any y e (0,/3) and cr e (0,/3 - y), 
120, x; r,z; s,y;w)\ 

< Iwfgtjit, x + w;r, z)((^_ i8 + Q° y )(r, x + w;s,y) + + g° y )(r, z; s, y)) 

+ \w\°~^-7(t, x; r, z)((^_ /3 + Q°)(r, x; s, y) + {^ y _ p + g° y )(r, z; s, y)) 

+ IwrQp-y-ait* x ~> r > z)\!<dy-f} + * + w; s, y) + (^_g + £>°)(r, z; 5, y)J 
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+ M°fijj-y^-(f. x; r, z)((dy-p + Qy)(r, x + w;s,y) + (gP^ + g° y )(r, x; s, yj), (3.27) 
and for \w\ < \x -y\/2, 

R(t, x; s,y; w) < \w\ y (t - rf- l {(g y + Q^_ p )(r, x + w;s,y) + (g° y + ^)(r, x; s,y)) 

+ \w\ y (t - rf-y-\gl + egXr.x; s,y). (3.28) 
Proof of Claim: Case 1: We assume 

\w\ > \t - r\. 

By (|3.11l) we have 

\V x p (t, x; r, z)(q(r, z; s, y) - q(r, x; s, y))\ 

< g° (t, x; r, z)(\x - zf~ y A 1 )((^ + g° y )(r, x; s, y) + (gf 3 ^ + g° y )(r, z; s, y)) 
^ \M' r ^-7(t, x; r, z)({^ y _p + Q Q y )(r, x; s, y) + (g ^ + g y )(r, z; s, y)), 

and also 

\V x p (t, x + w;r, z)(q(r, z\ s, y) - q(r, x + w; s, y))\ 

^ WV^-Jit, x + w;r, z){id f _ p + g° y )(r, x + w, s, y) + (g?^ + g° y )(r, z\ s, y)). 
Case 2: We assume 

\w\ < \t - r\. 

Noticing that 

\x + w - z\ < \x - z\ + \w\ < \x - z\ + \t - r\ 

and 

I* - z\ < \x + w - z\ + \w\ < \x + w - z\ + \t - r\, 
we have for any e (0, 1), 

M • \V 2 x p Q (t, x + 6 w; r, z)\ ■ \x + w - zf~ 7 < Iw^g^^t, x; r, z). 
Hence, for some 9 e (0, 1), 

\(VxPo(t, x + w; r, z) - V x p Q (t, x; r, z))(q(r, z\ s, y) - q(r, x + w, s, y))\ 
< \w\ ■ \V 2 xPo (t, x + 9 w; r, z)\ ■ \x + w - zf' y 
x ((£%-fi + £>?)</> x + w;s,y) + (g?^ + g y )(r, z; s, y)) 
^ M^J-y-crO' x; r, z)((g£^ + Qy)(r, x + w; s, y) + {j^ y _ p + g y )(r, z; s, y)). 
Similarly, we have 

\V x p Q (t, x; r, z)(q(r, x; s, y) - q(r, x + w; s, y))\ 

^ \wVQl-y-<r(t, x; r, z)((g^ y ^ + g y )(r, x + w; s, y) + (gP^ + g y )(r, x; s, y)). 

Combining the above calculations, we obtain (13.271 ). As for (13.281 ), it follows by Lemma |2~?1 
and Theorem [331 

(3) Now we are ready to prove the following claim: For any t > s and x ± y, there exists a 
p > 1 such that 



sup J(p, s) < +oo, where J(p, e) : 

s<\x-y\ll 




<p s ,y(t, x + w, r) - (f> s>y (t, x, r) 

' aw 



'\w\>e \ w \ 
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P 

dr. (3.29) 



Proof of Claim: Notice that 



J(p,e) < 




<p s , y (t, x + w,r)- <f> S j(t, x, r) - w ■ V x (f> Sty (t, x, r) 



) s<\w\<\x-y\l2 



\W 



\d+\ 



dw 



dr 



+ 




<f> s ,y(t, x + w, r) - (p s , y (t, x, r) 



)\M>\x-y\l2 



\W 



d+l 



dw 



dr =: Ji(p,s) + J 2 (p). 



For J\(p, s), observe that 
Ji(p,e) = 




w 



)e<\w\<,\x-y\/2 \ w 



d+l 



(V x (p s ,y(t, x + 9w,r)- V x (p s , y (t, x, r))de\ dw 



dr 



< 




iJfiC*. x;r,r, s,y;6w)\dz 



d6dw 



>s \Js<\w\<\x-y\/2J0 
+ 



\wY 



dr 



fir fB!^pM m j ir . 

Js \J E<\w\i\x-y\/2 Jo M I 

Using (13.271) . (|3.28l) and by (12.71) . as in proving (|3.25l) . one has that for some p > 1, 



sup J\(p,e) < +oo. 

sK\x-y\/2 



For J 2 (p), we have by (|3.13l) that for some p > 1, 




Up) < 
Thus (13.291) is proven. 

(4) Now by (I3T291) . one has 



A x (p(t, x) = lim 

ej.0 



\(f> s , y (t, x + w, r)\ + \<p s , y (t, x, r) 



\w\>\x-y\l2 



\W 



d+l 



•dw 



dr < +oo. 




,f (f> s>y (t, x + w,r)- <j) s Jt, x, r) 



\W 



d+l 



drdw 



(p s , y (t, x + w, r) - <f) s<y (t, x, r) 
= lim — ■ — dwdr 

e-io J,J\ W \ >S \w 



fl 

\J s%J \w\ 

= f lim r 



\d+l 



<f> SJ (t, x + w, r) - <f> S y(t, x, r) 



l\w\>s \ w 

which together with (13.241 ) yields (13.221) . 



d+l 



dwdr 



j kl<f) s> y 



(p s , y {t, x, r)dr, 



(3.30) 



Now we prove the following main result of this section. 

Theorem 3.6. Assume that a,b e M? for some /? £ (0, 4] and satisfy (\2.16\) . Then there exists a 
unique nonnegative continuous function p a ^(t, x; s,y) with 

I Pa,b(t,x; s,y)dy = 1, 

jR d 

and satisfying that 

( i) For all x ± y e R d and almost all t > s, 

d t p a ,b(^ x; s,y) = ^l b (t, x)p a , b (t, •; s,y)(x) 

(ii) For any bounded continuous function f, 

lim I p aM (t,x;s,y)f(y)dy = f( 



(3.31) 
(3.32) 
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and 



lim \ p atb (t,x;s,y)f(x)dx = f(y). (3.33) 



( Hi) For allO < s < t < 1 and x,y e W 1 , 

\p a ,b(t, x; s, y)\ < g%t, x; s, y); (3.34) 
and in the case ofa(t, x) = a(t) independent of x, we have 

p a>b (t, x; s, y) > Qi(t, x; s, y). (3.35) 

(iv) For any y e (0, 1), 

\p a ,b(t, x; s,y) - p a ,b(t, x'; s,y)\ < (\x — x'\ y A l){^_ y (f, x; s,y) + g^fax'; s,y)j, (3.36) 
and 

\V x Pa,b(t,x; s,y)\ + \&lp a ,b(t,x; s,y)\ < g° Q (t,x; s,y). (3.37) 

(v) If a, b e C([0, oo); LlJR% then for all f,ge C~(R d ), 

li m _L f ^)(i^;VW-/W)dx= f g(x)^f 6 (5,x)/(x)dx, s> 0, (3.38) 
where 

P a t tf(x):= f p a ,b(t,x;s,y)f(y)&y. 

Proof, (i) First, we prove (13.3 ID . By equation (13.11) . we have that for all x,y &W 1 and almost all 

t > s, 

i3~T4l r'r 

dtPa,b(t,x;s,y) = d,p (t,x; s,y) + q(t,x; s,y) + 3f ab (t,y)p (t,-;r,z)(x)q(r,z; s,y)dzdr 

JsJR d 

|2l5l ff 

= 3?* tb (t,y)p (t,-;s,y)(x) + qo(t,x;s,y)+ q (t,x;r,z)q(r,z; s,y)dzdr 

JsJM. d 

+ I I &l b (t,y)po(t,-;r,z){x)q{r,r,s,y)dzdr. 

JsJ ' 

Recalling that 

9 o(?, 5, y) = (S£ x a b (t, x) - J? a x b (t, y)) p (t, •; 5, y)(x), (3.39) 

we further have 



d t Pa,bit, x; s, y) = &*, b (t, x)p (t, •; s, y)(x) + ■*)/>()(*, S r, z)(x)^(r, z; 5, y)dzdr, 

which together with (f3T2TT) and (T3T221) yields (EHTT) . 

(ii) We prove (13.321) and (13.301) . As in proving (13.201) . we can prove that for any bounded 
continuous function /, 

lim I po(t,x;s,y)f(y)dy = f(x), 

and 

lim I p (t,x;s,y)f(x)dx = f(y). 
Moreover, by (13.131) we also have 

I I I p Q (t,x;r,z)q(r,z;s,y)f(y)dzdrdy+ I I I p (*,*; r,z)q(r,z; s,y)f(x)dzdrdx 

jR d JsJR d jR d JsJR d 
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< J ^ [oupif, x; s, y) + g^(t, x; s, y))(dy + dx) < \t - s f -> 0, 1 1 s 



Thus, (|3.32l) and (13.331) are proven by equation (13.11) . 

For proving (13.301) . if we set u s (t, x) := f Rd p a ,b(t, x; s, y)dy, then by (13.311) and (13.321) . 

d t u s (t, x) = %?* b {t, x)u s (t, x), lim u s (t, x) = 1. 

fj,s 



By the maximal principal of nonlocal equation (cf. [12311 or [|24l Theorem 2.3]), it follows that 

u s (t,x) =1, ? > s, x€R d . 

(iii) By (T3T31 one has 

I I ^o(^^;^z)l<?(^z;^3 ; )|dzdr^^ +/j (?,jc;5,v) + ^(?,Jc;5,v) < g%t,x; s,y), (3.40) 

JsJR d 

which in turn gives estimate (13.341) by equation (13.11) and (12.171) . 
In the case of a(t, x) = a(t), by (13.11) and (13.121) . we have 

\p(t,x;s,y)- p (t,x;s,y)\ < I I p (t, x; r, z)q(r, z; s, y)dzdr 

JsJR d 

< I I g° l (t,x;r,z)g° fi (r,z;s,y)dzdr 

<\t- sfg^t, x\ s, y) < A\t - sfp (t, x\ s, y), 

where A > is a constant independent of t, s, x,y. Choosing T e (0, 1) such that \t - sf < ^ 
for all < s < t < T , we obtain (13.351 ) for small time by (12. 17b . For the large time, it follows 
by a standard time shift argument (see Il3~ll2~0"l). 

(iv) As in proving (13.81 ). we have for any y e (0, 1), 

\p (t,x; s,y)- p (t,x'; s,y)\ < (\x - x'\ y A \)(g®__ y {t,x; s,y) + g\_ y {t,x'; s,y)). 
Thus, by (|3.10l) and Lemma [231 we have 

I I \p (t,x;r,z)- po(t,x';r,z)\q(r,z;s,y)dzdr 

JsJW 

<(\x-x'\ 7 Al) f f U_ y (t,x\r,z) + g%(t,x'\r,z)\gl + gl){r,z\s,y)dzdr 

< (\x - x'\ y A l)((£>Vr + A^fo, *'> + ^Vr + &^)<t> x ''> 

< (\x - x'Y A l)(g { l_ 7 (t, x; s,y) + g°_ y {t, x'\ s,yj), 

which together with equation (13.11) yields (|3.36l) . 
Next, we prove (13.371) . By (13.211) . we can write 

V x (p(t, x) = I I V x p (t, x; r, z)(q(r, z; s, y) - q(r, x; s, y)Wdr 




I t+s 



+ V x po(t,x;r,z)dz\q(r,x;s,y)dr 



2 




+ V x pv(t,x;r,z)q(r,z;s,y)dzdr 



Qi(t, x; s,y) + Q 2 (t, x; s,y) + Q 3 (t, x; s,y). 
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For Q\(t, x; s,y), by (12.191) , (13.111 ) and Lemma [231 we have 

\Qx{t, x; s, y)\ < J ^~ y (t, x\ r, z){(g° y + ^_g)(r, x; s, y) + (jo y + gP_ p )(r, z; s, y)}dzdr 

~ X< (/' ^~ 7(? ' * ; r ' z)dz ) ( ^ + ^ )(r ' x; s ' y)dr 



+ I I A 7 (t, x\ r, z)(g y + ^ y _ p )(r, z; s, y)d z dr 

f jt - rf-y-'d + (r - sy^)Q Q (r, x; s, v)drj 



< 



+ (Ql + ^ +Qy r )(f,x; s,y)<g° Q (t,x; s,y). 
For Q 2 (t, x; s, y), we have 

H22JEI0J r< , , 

|g2(*,*;*,y)l ^ |,+ ^ _r ^ {^(r,x;s,y) + ^(r,x;s,y)jdr;<£ (?,x;s,y). 

For Q 3 (?, x; s, y), we have 

|Q 3 (?,x; 5,y)| < J J QQ(t,x;r,z)[Ql{r,z\s,y) + Qp(r,z;s,y)}dzdr < g (t,x; s,y). 

Combining the above calculations, we obtain 

\V x( p(t,x)\<g° (t,x;s,y). (3.41) 

Similarly, 

\4<p(t,x)\<Q° (t,x; S ,y). (3.42) 

Estimate (13371) then follows by equation (O) . (12381) . (12391) and (13341 . (13321) . 
(v) For / e C™(R d ), by (133TT) and (13321) . we have 

Ptff(x)-f(x) 1 f i A 

' *)/(*) = — (a(r, x) - fl (j, x))A*P#/(x)dr 

+ ^ f A|(P^/(x)-/(x))dr 

+ — f (fc(r, x) - x)) • V x P c, ; h J{x)dr 
t-s J s 

+ ^*L. f V^/(*)-/(*))dr 

? - 5 J, 

=: 7i(?, 5, x) + hit, s, x) + h(t, s, x) + U(t, s, x). 

We have the following claim: for t > s, 

sup ||A|^f/|U + sup HV^f/IU < +oo, (3.43) 

r€[s,fl re[i-,r] 

Proof of Claim: By Lemma [331 and (|3.30l) . we have 

AjP£f/(x)= f A| / 7 a)fc (r,x;5,y)/(y)dy= f A|/7 fl , 6 (r,x; - /(x))dy 
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and 

V x P a ; b J{x) = f V x p a , b (r,x;s,y)f(y)dy= f V xPa>b (r,x; s,y)(f(y) -f(x))dy. 

jR d jR d 

Hence, by (13.371) we have 

|A|P^/(x)| + \V x P%f(x)\ < CH/lbp J e J(r, x; s,y)dy 9 C, 
which gives (13.43D . 

For g G C~(R d ), since a, b e C([0, oo); Lj BC (R </ )), by (13431) we have 

lim I g(x)(7i(£, 5, x) + hit, s, x))dx = 0. 



Let a„(x) e C™(R d ) with 



Then by (13.431 ), we have 
lim I g(x)I 2 (t, s, x)dx 

tls J ud 



lim \a n {x) - a(s, x)\ = 0, x e R d . 



< lim lim 

n—>oo tls 



+ lim lim 

«-»«> rj,s 

< lim I 

" >>v Jr^ 



f g(x) fl " (x) " a( *' X) f Al(P^/(x)-/(x))drdx 

^ f AK/>*V(x)-/(x))drdx 
t s j s 



g(x) 

\g(x)\ ■ \a n (x) - a(s,x)\dx 



7^— f f Al(ga„)(x)(P^/(x)-/(x))dxdr 
* — * JsJn. d 

which converges to zero by (|3.32l) . Similarly, we also have 



+ lim lim 

n—. >oo tls 



lim 

fj,.v 



r 



g{x)U(t, s, x)dx 



= 0. 



Combining the above calculations, we obtain (13.381) . 

(vi) Lastly, we show the uniqueness. For / e C^(R d ) and t > s, set 

u s , y (t,x) := I p a ,b(t,x;s,y)f(y)dy. 

jR d 

Let us first show the following claim: For any T > s and p > 1, 

SUp (\\u SJ (t)\\ p + \\Vu Si y(t)\\ p ) < +oo. 

te[s,T] 

Proof of Claim: By Young's inequality for convolution, it follows that 

(333 r l r n, V . El 



(3.44) 



13.341 r i r n \ p {22 

\\UsM\p * ex(t,x; S ,y)\f(y)\dy\ dx < 

jR d \ J " / 



We next prove sup ?e[s T] ||Vk J0 ,(0Hp < +°°- Let the support of / be contained in the ball {x e R d : 
\x\ < A^}. We have 



I I VxPa,b(t,x;s,y)f(y)dy 

jR d jR d 
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dx < h + 1 2 , 



where 



J\x\>2N JR d 

h ■= I I V x Pa,b(t,X;S, 

J\x\<2N JR d 



For 7i , we have 



y)/Cy)dj 



y)/Cy)dj 



dx, 



dx. 



h= \ ( V x p a ,b(t,x;s,y)f(y)dy 

J\x\>2N J\y\<N 

<C N [ f \V xPa , b (t,x;s,y)\ p \f(y)\ p dy& 

J\x\>2N J\y\<N 



< Ca 



L \ \ \V x p a , b (t,x;s,y)\ p dxdy 

J\y\<,N J\x-y\>N 



13371 

< C N 



P j r 

J|y|</V J|x-;y 



1 



\>n \x-y\« + Vp 



— dxdy < +oo. 



For I 2 , by (13.431 ) we have 



/2 < sup 

X €R d 



f V x p chb (t,x;s,y)f(y)dy ( f 



dx < +oo. 



The claim is proven. 

Let p' ah {t, x; s,y) be another function satisfying (13.30l) - (13.37l) . We want to prove that for any 
/ 6 C™(k d ) and t > s, 

u Sy y(t, x) := I /? a>6 (?, x; 5, y)f(y)dy - I p' ab (t, x; s, y)f(y)dy = 0. 

UR d jR d 

In view of lim^ w. v , v (?, = 0, by (|3.31l) we have 

w 4 . x) = J ^a, b {r, x)u s , y (r, -)(x)dr. 
The uniqueness follows by (|3.44l) and [J24l Lemma 3.1]. □ 

4. Proof of Theorem I1.1I 

By Duhamel's formula, we construct the heat kernel pit, x; s,y) of ££(t, x) by solving the 
following integral equation: 

p(t, x; s,y) = p a , b (t, x; s,y) + I J p a , b (t,x; r, z)c(r, z)p(r, z; s,y)dzdr. (4.1) 

JsJ 

For t > s > and x, y e R d , set O (/, s, y) := s, y), and define recursively for neN, 



0„(f,x; *,)>):= 
For y 6 (0, 1] and c e K 7 ,, define 



£° y (s) := sup 

<7,jt)e[0,co)x]R rf JO 




p atb (t, x; r,z)c(r,z)® n -\(r,z; s,y)dzdr. 
g y (s, z)(\c(t — s, x — z)\ + \c(t + s, x + z)\)dzds. 
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(4.2) 



Lemma 4.1. If c e K\, then there exists a constant A > such that for all «eN, 

\® n (t, x; s,y)\< [A€l(t - s)} n g%t, x; s, y). 
If c e ¥. . for some y e (0, 1), then there exists a constant C\ > such that for any neN, 



\® n (t, x- s,y) - ® n (t,x'; s,y)\ < d(\x - x'Y A \){M\{t - s)r l £\„ y {t - s) 

x (g\(t, x\ s,y) + g° 1 (t,x'; s,y)). (4.4) 

IfceWP for some fi' e (0, 1), then there exists a constant > such that for any neN, 

\V x ® n (t, x; s, y)\ < C 2 {A\\c\\ BO (t - s)} n g° (t, x; s, y). (4.5) 
Proof. (1) First of all, by (13.341) . we have for some C > 0, 

p atb (t, x; s, y) < dg^t, x; s, y). 



Now we use induction to prove (14.31) . Suppose that (14.31) is true for neN. Then 
\® n+l (t,x;s,y)\ < I I p a , b (t,x;r,z)\c(r,z)\ ■ \®„(r,z; s,y)\dzdr 

JsJR d 

< Co{A^(f - s)}' 1 f f g% x- r, z)g° 1 (r, z; s, y)\c(r, z)\dzdr 

JsJr<i 

k A\{A x l\{t - s)f I I (g%t,x\r,z) + g° { (r,z\s,y))\c{r,z)\dzdrg l (t,x\s,y) 

JsJR d 

(2) By <EL2l) and (13361) . we have 
|0 n (f, s,y) - ® n {t, x'\ s,y)\ 

< (\x - x'\ y A 1) J'j^ (g^it, x; r,z) + g\_ y (t, x'\ r, z))\c(r, z)\ ■ \® n -i(r,z; s,y)\dzdr 

< (\x - x'Y A \){A€\{t - s)} n ~ l 

x fr (g%(t,x;r,z) + g ^ r (t,x'\r,z))\c(r,z)\g° l (r,r,s,y)\dzdr 

< (\x - x'Y A 1){A^(? - s)}"- 1 

x | J^JV - r ) l ' 7 i r ~ s ){qq& x; r, z) + g° (r, z; s, y))\c{r, z)\d z drpl(t, x; s, y) 

+ ffti ~ r ) 1 ~ 7 ( r - s )(e°o(^ *\ r ' z) + Q° (r, z; s, y))\c(r, z)\d z drp° (t, x'\ s, y) 

< Ci(\x - x'Y A 1){A^(£ - s)}"~ 1 
J J d (e°i-y(t, x; r, z) + g%(r, z; s, y))\c(r, z)\dzdrp\{t, x\ s, y) 

JJ d (e°i-y(t, x'\ r, z) + £>?_ r (r, z; s, y))\c(r, z)\d z drp ( \{t, x'\ s, y) 



x 



+ 



< d(\x -x'Y A l){A^(t - s)f-H'[(t - s)(g1(t, x; s,y) + g%t,x'; s,y)) 
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(3) If c is bounded, by definition and (12.21) , it is easy to see that for some C\ > 0, 

e y (e) < Ci||c|U£ r , e>0. 

As in Lemma [331 one can prove 



(4.6) 



V x © n (t,x;s,y) = V x p aM (t,x;r,z)c(r,z)®n-i(r,z;s,y)dzdr. 

JsJR d 

By (|3.30l) . we can write 

V x ®„(t, x;s,y)= I | V x p a ,b(t, x; r, z)(c(r, z)0„_iO, z; s, y) - c(r, x)0„_i(r, x; s, y))dzdr 

j!±iJm.d 



+ 




^xPa,b{t, x; r, z)c(r, z)0„-i(r, z; s, y)dzdr 

n^xPa,b{t, x; r, z)c(r, z)(©„_i(r, z; s,y) - 0„_i(r, x; s, y))dzdr 
VxPa,b(t, x; r, z)(c(r, z) - c(r, x))dz 0„-i(r, x; 5, y)dr 



+ 



+ 





^xPa,b{t, x; r, z)c(r, z)0„_i(r, z; s, y)dzdr 



=: jc; *,y) + 2 2 0,*; s,y) + CM***; s,y). 

For Qi(t, x; s,y), by (l4~6h and (|4~4T) . we have 

J,y) < {AIMLO - I I Q 7 (t,x; r,z)g\_ y {r,z; s,y)dzdr 

J'-^J ' 



+ {A||c|Ur-s)} 




2 



gl(t, x; r, z)dz Q^Sr, x; s, y)dr 



< {A||c|L0- s)} n g° (t,x;s,y). 



For Q 2 (t, x; s, y), by (|4~6b and (|43T) . we have 

2 2 a,x;5,y) < {AUdUa - f (f ^'(?,x;r,z)dz)^(r,x;^y)dr 



2 



< {AWcWUt ~ s)} 



n-\ 



f (t-rf- 

J>-±z 



(r - s)dr \g° Q (t, x; s,y) 



< {A||c|U(? - s)} n Q° (t, x; s,y) 



For <2 3 (f, x\ s, y), we have 



Q 3 (t,x; s,y) < {A\\c\Ut - s)} n - [ 
< {A\\c\Ut - s)} n ~ l 




g° (t, x; r, z)g\{r, z; s, y)dzdr 



(I 



t+s 

2 



((r - s)(t - r)" 1 + l)dr 



g° (t, x; s,y) 



< {AWcWUt- s)} n g° Q (t,x; s,y). 
Combining the above calculations, we obtain (14.51) . 
Now we are in a position to give 
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Proof of Theoren U~l\ By the standard time shift technique, it suffices to prove the conclusions 
on a small time interval. We divide the proof in several steps. 
(1) Define 

CO 

p(t, x; s, y) = p a>b (t, x; s, y) + ^ ©„(*, x; s, y). 

n=\ 

By virtue of c e K 1 ,, we have 



lim^(e) = 0. 

Hence, for any given e e (0, 1), one can choose T E e (0, 1) small enough such that for all 

< s < t < T e , 

Ai 

Thus, 

\p[t,x; s,y)- p a , b (t,x; s,y)\ < > \® n (t,x; s,y)\ < - _ Kfc( . Qi(t,x; s,y) 

n={ AC^f 



e 



g\(t, x; s,y), 



1-s 

which together with (13.341 ) gives (11.51) for < s < t < T £ . Moreover, noticing that 

m pt p "i-l 

V ©„(*, x; s, y) = p aM (t, x;s,y)+ I f p a , h (t, x; r, z)c(r, z) V ©„<>, z; s, y)dzdr, 
U JJ ^ to 

by taking limits, we obtain equation (14.11) . In the case of a(t, x) = a(t), by (13.351) . if we let e be 
small enough, we also have (|1.6I) . Moreover, estimates (11.71) and (11.81) follow by (14.41) . (13.361) 
and <S3b, (13371) . 
(2) Define 

Pt, s f(x):= I p(*,x;s,y)/0>)dv 

and 

P%f{x):= f p fl> ,(f,x; S ,y)/(y)dy. 

For proving (11.21) . it suffices to prove that for any / 6 C XJ (R.' i ), 

P t J(x) = P,, r P r ,sf(x), s<r<t. (4.7) 

By (1431) . we have 

P t J(x) = + J /^(c(r')iV, j)(x)dr' 

= F$P*f(x) + £ ^^(c(r')P^,,/)(x)dr' + J" ^(c(r')P^,,/)(x)dr' 

= K'PrJix) + j P a t ;{c{r')P r ,j){xW. 
On the other hand, we also have 

Pt,rPrJ(x) = P a i*P r J{x) + J ^,(c(/)P r , , r P r j)(x)d/ . 

Fix s < r and set 

u t (x) :=P Ur P r J{x)-P t J{x). 
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Then we have 



u t (x)= f f p a ^(t,x;r',y)c(r',y)u r >(y)dydr'. 

J r jR d 

By (|3.34l) . we have 

sup HMU I I x;r',v)|c(r',v)|dydr' = ^(?- r) sup ||« r / 

•'£[;-,?] J r jR d r'e[r,t] 



ll^flloo ^ 

which implies that 



SUp ||ML < SUp t\{s) SUp IIML- 
r'e[r,t] es(0,r-r] r'e[r,t] 



In particular, if t - r is small enough (say less than s ), then 



sup HMloo = 0. 

r'£[r,t] 



Thus, we obtain (14.71) for t - r < eq. For general t, it follows by repeatedly using (|4.7I) . 

(3) We prove (TT31) . By (|4~TT) and (13.321 ), we only need to prove that for any / e C b (R d ), 

lim I II p aifo (?,jc;r,z)c(r,z)p(r,z;^,};)/(3;)dzdrdv = 0. 
This limit follows by noticing that 

| | | Pa,b(^ x ^ r ^)c(r,z)p(r,z; s,y)f(y)dzdrdy 

jR d JsJR d 

<fff Q%x-r,z)\c{r,z)\Q%r,z\s,y)\f(y)\dzdrdy 

J : JsJ ■•' 

< I I I (^i(?,x;r,z) + £>i(r,z;5,3;))c(r,z)dzdrk'i(?,x;5,j)dj 

< €{{t - s) q% x; s,y)dy < Cl\(t - s) -> 0, 1 1 s. 

jR d 

(4) Let f,g e C^(R d ). By definitions, we make the following decomposition: 
P t J(x) - fix) _ = _1_ £ ^pa,b {c{r)Pr J){x) _ c(r; J{x) y r 



t- S 



+ -j—^ (c(r, x) - c(s, x ))P r J{x)dr 

+ JT- S f c ( s > *iPrJ(x) - f(x))dr 
I ^ fix) -fix) \ 

+( - -^: b is,x)fix)j 

=: I\{t, s, x) + hit, s, x) + hit, s, x) + hit, s, x). 

(Pg)*g(y):= f Pa , h it,x;r,y)gix)dx, 

Jrj 1 

f gix)hit,s,x)dx < ff ((P^g(x)-(^ri(x)-g(x))c(r,x)P r , s /(x)dxdr 

JR^ ' - $ J s jR d 



For ^(f, s, x), if we write 



then 



+ 



T— ( f {(P?fyi-l)(x)g(x)c(r,x)P r>s f(x)dxdr 

t — S J s J-gd 



=: 7i0, s) + J 2 (t, s). 



For J[(t, s), noticing that 



mtyg(y)-(P?tyi(y)-g(y)\ 



f 

JR' 1 



p a>b (t, x; r, y)(g(x) - g(y))dx 



E3U r 

< CIIsIIh' e?(f,x;r,)0(|*-;y|Al)<Lc 

< ciigii H 'k-H, 

by definition of P w / and (11.51) . we have 

5) < CHgllni f f \c(r, x)\ ■ \P r J(x)\dxdr 

JsJW 

<Q\g\yff [ \c(r,x)\di{r,x-s,y)\f(y)\dydxdr 
<Q\g\ym~s) f \f(y)\dy^0, 1 1 s. 

jR d 

For J 2 (t, s), since c e C([0, oo);L 1 1 oc (R rf )), by (13.331) and the dominated convergence theorem, 
we have 



It is the same reason that 



lim J 2 (t, s) = 0. 

4* 



lim I g(x)(I 2 (t, s, x) + h(t, s, x))dx = 0. 



Moreover, if a, be C([0, oo); Lj oc (R' i )), by (13381) we have 

lim I ^(jc)/4(f, 5, x)dx = 0. 
Combining the above limits, we obtain (11.41) . The whole proof is complete. 



□ 
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